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Static Analysis of V Transmission Lines

Jose E. Schutt-Aine, Member, IEEE

_ Abstract—In this paper, the v-shaped transmission line is

analyzed. The structure consists of a signal strip resting on a
dielectric above a triangular reference. A static analysis is per-
formed using the moment method to determine the quasi-TEM
propagation parameters. The purpose of this study is to deter-
mine the basic electrical properties of the geometry and eval-
uate the differences from the microstrip configuration. Theo-
retical results are presented and, in the case of single. lines
measurements are performed and compare with theoretical
predictions.

1. INTRODUCTION

V-SHAPED transmission line is shown in Fig. 1.
The fabrication of v-grooves in. silicon is well doc-
umented [1]-[5]. The geometry of the transmission line
is essentially a microstrip in which the ground plane is
bent within the dielectric in a v-shape to form the equal

sides, of an isosceles triangle. The triangle as defined by

the two ground sides and the dielectric-air interface sup-
ports a signal strip of width w on its base. The angle be-
tween the two ground sides is the parameter ¢. The height
of the triangle, &, coincides with the dielectric height, and
the base of the triangle is 2p. These geometrical param-
eters can be used to calculate the electromagnetic prop-
erties of the structure. .

The bending of the ground plane into a triangular shape
is a major deviation from the microstrip structure since
the field configuration is significantly modified. From a
topological standpoint, the proximity of the ground ref-
erence to the signal strip renders a situation similar to that
of coplanar waveguides. Several mechanical and electri-
cal advantages are evident such as proximity of ground
reference, and in the case of multiple-line structures (see
Fig. 2), lower cross-coupling between adjacent lines.

In order to validate the above claims, a static analysis
can be performed assuming a quasi-TEM mode of prop-
agation. The calculations would yield parameters that are
related to the capacitance and inductance coefficients of

the transmission line and which can be determined as a -
function of the geometrical parameters. An assessment of

the propagation properties of the structure can be made
from the determination of these parameters. Properties
such as characteristic impedance, propagation velocity,
and coupling coefficients in the case of multiple lines will
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Fig. 1. (a) Transmission line with triangular ground reference. (b) Créss

section showing geometrical parameters.
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Fig. 2. Cross section of three-line structure with triangular ground refer-
ence. ;o

be determined and an overall comparison with mic'ro}strip
will help evaluate the characteristics of this configuration.

II. FORMULATION®

Static properties of single and coupled microstrip lines
have been extensively analyzed in the literature [6]-[15].
These techniques would require substantial revision in or-
der to treat the v-shaped transmission line, thus, a differ-
ent approach must be adopted. The static formulation is
made using the coupled three-line v-strip structure shown
in Fig. 2; the method of the analysis would be applicable
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for a greater number of lines. Moreover, single-line prop-
erties can be deduced from the three-line formulation by
making simple reductions. For analytical simplicity, a
single quasi-TEM mode of propagation is assumed and
the signal strips and ground surface are assumed to be
infinitely thin with the signal strips resting at the surface
of the dielectric of relative permittivity ¢,.

When the coordinate system is chosen as indicated in
Fig. 2 and the structure divided into several regions as
shown, the relation between the elevation of a point on
the conducting strips or ground reference and its horizon-
tal coordinate is given by the general expression
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Since the ground surface is triangular, a Green’s func-
tion approach that exploits the mirror properties of a per-
fect electric conductor such as [9], [15] is not amenable
in solving for the charge distribution. A more general ap-
proach consists of accounting separately for the signal
strips and ground reference. Consider an infinitely thin
section of surface charge oriented in an arbitrary direction
within the dielectric as indicated in Fig. 3. The origin of
the coordinate system is placed at a vertical distance A
from the air-dielectric interface. The surface charge sec-
‘tion is infinite in the z-direction and extends from x; to Xf
in the x-direction and from y; to ¥rin the y-direction. An
elemental surface charge located at source point P'(x’, y')
can be defined. The potential at any observation point
within the dielectric P(x, y) due to that elemental surface
charge of length dv’ is given by [16]

do = do, + do, )
do, = % In Vo =2+ (y — y' ) av' 3)
2¢¢, €
—ol - 5
de, = In Vi - x)? + (v + y' — 20 dv'
2me, €
)
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dv' = |1 + !
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Fig. 3. Cross section showing an infinitely thin surface charge distribution
extending from P, to P, P is the observation point where the potential is
to be evaluated.

o =o0(x",y', z') is the surface charge density at the source
point and ¢, is the free-space permittivity. It is of interest
to note that the contribution d¢, is that of a virtual mirror
image source located at a point which is oppositely sym-
metrical to that of the actual source with respect to the
air-dielectric interface and of surface charge magnitude
ol'. The total potential due to the section extending from
Pi(x;, y) to Py (xs, yr) is obtained by performing the line
integral with respect to the primed coordinates along the
section of surface charge. The integration can be per-
formed only if o(x’, y') is known; however, if the surface
charge section considered is sufficiently short, the charge
distribution can be assumed to be uniform over the length
and of magnitude o,. In that case, the integral can be per-
formed exactly to yield the potential contribution due to
that short section:

¢ = Uo(Fa + Fb) (5)
where
X
F, = [S In \/(x - x’)2 + (y — y’)2
2me, €, | Ju
dy’ 2 } '
1+ | =] dx’ 6
<dx,> X (6)
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Using the relations described by (1), y' and dy’/dx’
can both be expressed in terms of x'. After extensive al-
gebraic manipulations, the above expressions become



SCHUTT-AINE: STATIC ANALYSIS OF V TRANSMISSION LINES

F, =KD — x)In (1 + r?)
+ KD{(xf — & In[(x — £ + a?)

— 20— %) + 2a tan ™! <)~Cf—;—g>}

a

- KD{(x, - HIn[(— )+ a’]

- 2(x; — £) + 2atan™! <x,_—£>} 8

a
F, = KDT'(x; — x;) In (1 + r?)

+ KDI‘{(xf — ) In e — &)Y +a”

— 20— £') + 2a’ tan™" <xi—_—,—g—>}

a

—mr@n~swmun—yf+aﬂ

x — &
- 2(x; — &) + 2a’ tan”! <—7——>} )
a
with
X tyr X = Y'r ‘
s_l+r22_1+r2 (102)
y—xr vy +ar
a—1+r2 @ 1+ r? (10b)
y=y—=b vy =y+b-—2h (10¢)
1 1 2
K: —_—— - =
e D s VL +r (10d)
sh
r=—. (10e)
14

These expressions represent the basis for the quasi-
static formulation. If the geometry (Fig. 2) is divided into
several sections, then 'the total potential at any point can
be expressed in terms of the potential contributions from
each section. The approximation can be made as accurate
as desired since the number of sections can be made ar-
bitrarily large. Up to the present, however, the charge
coefficients are unknown; they will be determined using
the moment method formulation.

III. MoMENT METHOD SOLUTION

The method of moments can be applied to determine
the charge coefficients [17]. Each signal strip of the ge-
ometry is divided into N /3 sections and the ground sec-
tion is divided into N sections. Each section is assumed
to hold a uniform surface charge density; under these con-
ditions, the potential at any observation point can be ap-

proximated by
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N N
¢ = kZl FPgh 4 k}ll FO®. an
In the above equation, F{* and F are the basis func-
tions associated with the top strips and ground sections,
respectively; they are calculated using expressions (8) and
(9). o and ¢ are the coefficients associated with these
basis functions; they represent the surface charge densi-
ties over the kth strip or ground sections, respectively. In
order to apply the moment method, a contour for the in-
tegration must be chosen. This contour at which the po-
tential must be known is chosen to be the top strips and
the ground surface. ‘Alternatively, the top strips and the
triangular surface sections are now the observation points,
and a formulation that separates ground and strip poten-
tials now reads ’

S [F&m™ FE™ || o ;"
ka Flm  pim W= | o (12)
= 21 ) O o}
where F g‘"") is the basis function associated with the po-
tential observed at the mth section of the top strips (i =
1) or ground surface (i = 2) due to the kth source at the
top strips (j = 1) or ground section (j = 2). /™ and
¢>fg’"’ are the potentials observed at the mth section of the
top strips and ground surface, respectively. Since the po-
tential values are known from the strips and since the
ground potential is held to zero, the coefficients ¢ and
og‘) associated with this particular arbitrary excitation can
be obtained using Galerkin’s method in which the test
functions are chosen to be the same as the basis functions.
Namely for a given set of test functions F ,(j’"’"’, we obtain
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For each ¢, (g = 1 to N), integration is performed along
the contour over the index m [17]; the result yields a 2N

X 2N system of equations which can be inverted for the
charge coefficients.

(13)

IV. CAPACITANCE CALCULATIONS

When the charge coeflicients are determined, the total
charge on each strip is calculated by summing up the coef-
ficients associated with the respective strip

0= (14)
where Q; is the total charge on the ith strip and the sum
is performed over all the sections of that strip. Once the
charges on all the strips are obtained, a matrix relation

between the total charge on each strip and the voltage V;
(or potential ¢;) on the ith strip can be written as

Q=cCv (15)
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where @ and V are vectors of dimension 3 representing
the charges and voltages on each of the 3 strips, respec-
tively. The coefficient C is a square matrix of order 3 that
contains the capacitive coefficients of the structure. To
determine C, the moment method problem must be solved
with 3 different excitations in order to yield 3 different
sets of charge distributions which are then used in (15).
The inductance matrix L associated with the geometry can
be obtained by removing the dielectric (e, = 1) and solv-
ing for the free-space capacitance matrix C, which satis-
fies the relation L = 1 /¢ C, ' where c is the free-space
propagation velocity.

V. SINGLE-LINE ANALYSIS

A moment method program was implemented to cal-
culate the static parameters of single-line and three-line
v-strip structures. Basis functions were calculated as per
(8) and (9) and the coefficients were determined using the
approach described in (13) and (14). Quasi-TEM prop-

- erties of single lines were first determined. The parame-
ters of interest are the characteristic impedance and the
propagation velocity; it can be shown that (8)-(10) can be
strictly expressed in terms of the geometrical parameters
normalized to s. Therefore, characteristic impedance and
propagation velocity will depend on the parameters w/h
and o (= 2 tan”' p/h). Plots of the characteristic imped-
ance and the effective relative permittivity values w/h are
shown in Figs. 4 and 5 for various values of «. The rel-
ative dielectric constant is 2.55. It is of interest to observe
the added flexibility obtained over microstrip with the pa-
rameter o in fact the microstrip structure can be consid-
ered as a special case of a v line with « = 7. The corre-
sponding curves for a microstrip are also shown; the
microstrip characteristic impedance Z, is substantially
higher and, for a fixed w/k, a monotonic decrease in Z,
is observed as « is reduced. This is a result of the ground
reference being closer to the signal strip which leads to a
significant increase of the capacitance per unit length. An
increase of the effective dielectric constant was observed:
as o was decreased, indicating a greater confinement of

_ the fields within the dielectric whereas the microstrip case

showed a lower effective dielectric constant indicating a

lower confinement of the fields within the dielectric.
Experimental data were obtained on a sample with

height 2 = 240 mils and angle & = 60°. The sample was
designed by shaving a v insert in a metallic base within
which a triangular cross-section of polystyrene material
(e, = 2.55) was inserted. Strips of various widths were
placed on top of the dielectric and measured at 1 GHz.
The propagation parameters were extracted from the
measured scattering parameters using standard transmis-
sion-line techniques [18]. Table I shows the characteristic
impedance and effective relative permittivity values
measured at 1 GHz and a comparison with the associated
theoretical static results.- Within approximations and ex-
perimental errors, the results exhibited good correlations
with the theoretical predictions.
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Fig. 4. Calculated values of the characteristic impedance for a single-line
v-strip structure as a function of width-to-height ratio w/h and angle a.
The relative dielectric constant is ¢, = 2.55.
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Fig. 5. Calculated values of the effective relative dielectric constant for a
single-line v-strip structure as a function of width-to-height ratio w /A and
angle o. The relative dielectric constant is ¢, = 2.55.

TABLE 1
TABLE OF EXPERIMENTAL VALUES FOR THE
CHARACTERISTIC IMPEDANCE AND EFFECTIVE
RELATIVE PERMITTIVITY MEASURED FOR SINGLE-LINE
V-STRIP STRUCTURE OF VARIOUS WIDTH (W)

AT 1 GHz
w (mils) Zy () Eerr
62 107 [115] 1.920 [1.91]
125 76 [78] 1.957 [1.954]
The geometrical parameters are & = 240 mils,

a = 60 degrees. The dielectric material is polystyrene
(e, = 2.55). Theoretical values are within brackets.

VI. CouprLED-LINE ANALYSIS

Theoretical results were also generated for the three-
line case. The geometrical parameters, capacitance and
inductance matrices generated by the moment method
program mentioned in Section V, are shown in Fig. 6 for
the structure of Fig. 2. They are compared with those of
a microstrip configuration having the same width, height,
spacing and dielectric constant. The effect of edge-to-edge
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-V Line

74.00 -0.97 -0.23

C(pFm) = 097 74.07 -0.97

-0.23 -0.97 . 74.00

425.84 20.35 7.00

L@Hm) = 2036 422.85 20.36
7.00 20.35 42584

Microstrip Line

5249 -5.90 057

C(pF/m) = -3.90 53.27 -5.90
-0.57 -5.90 52.49
609.74 11346 41.79
L (H/m) = 113.54 607.67 113.54
41.79 113.46 609,74

Fig. 6. Comparison of the inductance and capacitance matrices between a
three-line v-line and microstrip structures. The parameters are p /h = 0.8
mils, w/h = 0.6 and ¢, = 4.0,
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Fig. 7. Plot of mutual inductance (top) and mutual capacitance (bottom)
versus spacing-to-height ratio for v-line and microstrip configurations. The
parameters are w/h = 0.24, ¢, = 4.0. :

spacing on coupling was also studied. Using the same
static moment method program, mutual inductance and
capacitance (L,, = |L;,| and C,, = |C,|) values were
plotted as a function of the spacing-to-height ratio s /4.
These plots are shown in Figure 7. In both cases, the v-
line coefficients were found to be significantly lower. A
better measure of the coupling coefficient can be defined
[19] as

(16)

where

(17
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Fig. 8. Plot of the coupling coethicient versus spacing-to-height ratio for
v-line and microstrip configurations. The parameters are w/h = 0.24, ¢,
=4.0. :

(18)

For a two-line configuration, Z,, and Z,, ate equivalent
to the even- and odd-mode impedances respectively; K,
is associated with the worst-case crosstalk. Plots of K, for
microstrip and v lines are shown in Figure 8; coupling
coeflicient is about 5 times larger for microstrip and lower
crosstalk levels ar¢ achievable with the v line. These re-
sults are not unexpected since the v-shaped ground plane
provides significant shielding between adjacent lines. Us-
ing simulation programs [20], these lower coupling coef-
ficients have been shown to cause reductions in crosstalk
by an order of magnitude.

'VII. CONCLUSION

A static analysis of v transmission lines was performed-
using a moment method formulation. Measurements were
performed on a sample and the validity of the theoretical
results was verified against experimental data. Character-
istic impedance and propagation velocity were found to
be strongly dependent on the angle parameter. Compari--
son with microstrip indicated a lower characteristic
impedance and higher effective permittivity for v trans-
mission lines. For multiple lines, the shape of the ground
reference led to lower coupling coefficients and lower mu-
tual inductance and capacitance between adjacent lines.
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